Abstract. It is a fundamental result in commutative algebra and invariant theory that a finitely generated graded module over a commutative finitely generated graded algebra has a rational Hilbert series, and consequently the Hilbert series of the algebra of polynomial invariants of a group of linear transformations is rational, whenever this algebra is finitely generated. This basic principle is applied here to prove rationality of Hilbert series of algebras of invariants that are neither commutative nor finitely generated. Our main focus is on linear groups acting on certain factor algebras of the tensor algebra that arise naturally in the theory of polynomial identities.
Introduction
A natural possible framework to develop noncommutative invariant theory is to investigate the action of a linear transformation group G ≤ GL(V ) on the factor of the tensor algebra K V modulo a GL(V )-stable ideal I, where V is a finite dimensional vector space over a base field K of characteristic 0. We shall assume that dim(V ) ≥ 2. A special class of GL(V )-stable ideals in K V are the T-ideals. Recall that an ideal in K V is a T-ideal if it is stable with respect to all K-algebra endomorphisms of K V . T-ideals are associated with varieties of associative Kalgebras. The variety R defined by a system of elements J = {f j } in the free associative algebra K x 1 , x 2 , . . . of countable rank consists of all associative Kalgebras A such that f j = 0 is a polynomial identity on A for all f j ∈ J. Identifying the tensor algebra K V with the free associative algebra K x 1 , . . . , x n of rank n = dim(V ), the T-ideal I = I n (R) is recovered as the set of n-variable identities satisfied by all algebras in a suitable variety R. Therefore in this case we shall write K V /I = F n (R), and call it a relatively free algebra, since it is a free object generated by n elements in the variety R. For a background on T-ideals and polynomial identities of associative algebras see [13] .
We shall assume that I n (R) is non-zero, so F n (R) is not the free algebra. In the special case when R is the variety of commutative algebras, we recover S(V ) = K[x 1 , . . . , x n ], the symmetric tensor algebra of V , which can be thought of as the algebra of polynomial functions on the dual space V * of V . For surveys on the study of F n (R) G see [17] and [12] . Loosely speaking, the moral of these works is that one can expect results analogous to the commutative case only when F n (R) is not very far from the commutative polynomial algebra K[x 1 , . . . , x n ]. For example, benchmark results of commutative invariant theory are the statements that the algebras of (commutative) polynomial invariants of finite groups or more generally, reductive groups are finitely generated. Kharchenko [22] characterized the class of varieties R such that F n (R)
G is finitely generated for all finite groups G, and this class turned out to be rather narrow. The present authors in [11] characterized the even narrower class of varieties such that F n (R)
G is finitely generated for all reductive G. Furthermore, we mention that the first named author in [9] extended the Sheppard-Todd-Chevalley Theorem by showing that F n (R) G ∼ = F n (R) holds for some finite group G if and only if G is a pseudoreflection group and the T-ideal I(R) contains [[x 1 , x 2 ], x 2 ], where we write [a, b] = ab − ba.
In contrast with that, in the present paper we deal with a general fact from commutative invariant theory that remains valid for all noncommutative relatively free algebras. Namely, by the so-called Hilbert-Serre Theorem, whenever K[x 1 , . . . , x n ] G is finitely generated, its Hilbert series is rational. Notably this holds when G is reductive or G is a maximal unipotent subgroup of a reductive subgroup of GL(V ). Our main result Theorem 5.1 is that the Hilbert series of the graded algebra F n (R) G is rational, provided that G ≤ GL(V ) is a group for which the finite generation property holds for subalgebras of G-invariants in finitely generated commutative graded algebras R on which GL(V ) acts rationally (in particular, for a closed reductive subgroup G of GL(V ) or for a maximal unipotent subgroup G of a closed reductive subgroup of GL(V )). Consequently, although F n (R)
G is rarely finitely generated even for reductive groups, it always has rational Hilbert series for G reductive or a maximal unipotent subgroup of a reductive subgroup of GL n .
A key ingredient of our proof is that extending a result of Belov [4] , Berele [5] proved that the multivariate Hilbert series of a relatively free algebra is of special form (called nice by him). In Section 2 (working in a more general setup than [5] ), we give in Proposition 2.2 a characterization of nice rational symmetric functions in terms of formal characters of the general linear group GL n and finitely generated modules over commutative polynomial algebras, endowed with a compatible rational GL n -action. This characterization allows us to deduce in Section 3 the general Theorem 3.4 about rationality of the Hilbert series of the subspace of G-invariants in a graded vector space on which GL n acts rationally such that the formal character is a nice rational function, provided that the subgroup G ≤ GL n satisfies a condition formulated in terms of commutative invariant theory. In Section 4 we discuss the problem for the rationality of the Hilbert series of non-finitely generated algebras of commutative polynomial invariants. We compute the Hilbert series of a textbook variant of the famous example of Nagata of an algebra of commutative invariants which is not finitely generated. It turns out that this algebra still has a nice rational Hilbert series. We also give an example of a normal graded subalgebra of K[x 1 , x 2 ] with transcendental Hilbert series, and formulate Problem 4.3 concerning rationality of Hilbert series in commutative invariant theory. In Section 5 we apply Theorem 3.4 for relatively free algebras, and deduce by the above mentioned result of Belov and Berele our main result Theorem 5.1 on rationality of the Hilbert series of the subalgebra of invariants F n (R)
G for a notable class of groups G ≤ GL n . In Section 6 we give examples which show that the condition that the multivariate Hilbert series of the relatively free algebra is a nice rational function cannot be relaxed to the weaker condition that it is a rational function. We also compute the Hilbert series of the algebra of invariants of the multiplicative group of the base field acting on the 2-generated relatively free algebra in the variety generated by the 2 × 2 matrix algebra.
Finally, we change our topic in Section 7, and consider group actions on PIalgebras (algebras satisfying a polynomial identity), that are not necessarily relatively free algebras. In fact a finitely generated associative K-algebra is a PI-algebra if and only if it is a homomorphic image of some F n (R) for some n and a proper subvariety R of the variety of associative algebras. Vonessen [31] proved that if G is a linearly reductive group acting rationally on a finitely generated noetherian PI-algebra R, then the subalgebra R G is finitely generated and noetherian. We note here that the transfer principle (a well-known tool in commutative invariant theory, see [19] ) can be applied in this noncommutative setting as well, and assert in Theorem 7.2 that under the conditions in the theorem of Vonessen, R H is finitely generated and noetherian for any subgroup H of G for which K [G] H is finitely generated, where the action of H on the coordinate ring K [G] of G is induced by the right translation action of H on G.
We close the introduction by mentioning that a more general setup for developing noncommutative invariant theory that also received attention is provided by Hopf algebra actions on noncommutative rings, see for example the survey [3] , the papers [20] , [15] , and the references therein. A typical problem considered in these works is whether the existence of a polynomial identity for the algebra of invariants implies the existence of an identity for the whole algebra.
A characterization of nice rational symmetric functions
Write GL n for the general linear group GL n (K) over K, viewed as an affine algebraic group. In this paper by a representation of GL n we shall always mean a rational representation, i.e., a K-vector space Z together with a group homomorphism ρ : GL n → GL(Z) giving an action of GL n on Z via linear transformations such that Z is spanned by finite dimensional GL n -invariant subspaces and for any finite dimensional GL n -invariant subspace W of Z, the map GL n → GL(W ), g → ρ(g)| W is a morphism of affine algebraic varieties. When Z is finite dimensional, define the formal character of Z as the element ch Z in the Laurent polynomial ring
n ] has non-negative coefficients and is symmetric in the variables t 1 , . . . , t n . Hence it belongs to the subring
n ], where the symmetric group S n acts by permuting the indeterminates. It is well known that for any sequence λ ∈ Z n with λ 1 ≥ · · · ≥ λ n there is a finite dimensional representation L λ of GL n whose formal character is given by the equality
The set of all ch L λ forms a basis of the free Z-module Z[t
Sn . Note that when λ n ≥ 0, the formal character ch L λ is the Schur function associated to the partition λ. Moreover, all representations of GL n are completely reducible, and
is a complete irredundant list of representatives of the isomorphism classes of irreducible representations of GL n (see for example Section 9.8.1 in [29] ). We shall deal with the situation when Z = ∞ d=0 Z d is graded, each homogeneous component Z d is finite dimensional and GL n -invariant. In this case we say that Z is a graded representation of GL n and call the formal character of the graded representation Z the formal power series
Definition 2.1. Denote by C the class of graded representations Z of GL n that have also the structure of a finitely generated graded module over the symmetric tensor algebra (polynomial algebra) S(W ) for some finite dimensional graded representation W of GL n (the grading on W induces a grading on S(W ) in the standard way), such that the action of GL n on Z and S(W ) is compatible with the S(W )-module structure of V (i.e., for g ∈ GL n , f ∈ S(W ), and m ∈ Z, we have
and only if f is of the form
is a polynomial in q and the product in the denominator ranges over a finite multiset of pairs (α, k) where
where a factor (1 − t α1 1 · · · t αn n q k ) in the above product occurs exactly with multiplicity the coefficient of t
Suppose that f is of the form (1). For any α ∈ Z n and k ∈ N 0 , (
, where λ is obtained by rearranging the elements in the sequence (α 1 , . . . , α n ) in the decreasing order. Therefore we may assume that the denominator of f in (1) is
Sn [q] and can be written as an integral
where B is a finite multiset of pairs (µ, r), r ∈ N 0 , µ ∈ Z n , µ 1 ≥ · · · ≥ µ n . Take the finite dimensional graded GL n -representation
By construction of W the graded GL n -representation S(W ) has formal character ch S(W ) (t) = 1
µ the finite dimensional graded GL n -representation whose degree r component is L µ and all other homogeneous components are zero; the formal character of this graded representation is q r ch Lµ (t 1 , . . . , t n ). Consider
µ . It is naturally a graded S(W )-module, it is free and is generated by the finite dimensional subspace 1 ⊗ L [r] µ . Moreover, the GL n -action on S(W ) is compatible with the action on
µ belongs to C, and
Summarizing, we obtained
showing that f belongs to
To see the converse, take Z ∈ C. Then Z is a finitely generated graded module over the commutative polynomial algebra S(W ), where
W k is a finite dimensional graded representation of GL n . By the Hilbert Syzygy Theorem, there exists a d ≤ dim(W ) and an exact sequence
of graded S(W )-module homomorphisms, where the F i are of the form S(W )⊗U i for some finite dimensional graded representations U i of GL n (so they are free S(W )-modules belonging to C), and the maps are GL n -equivariant. Indeed, take for U 0 a GL n -stable direct complement of S(W ) + Z, where S(W ) + stands for the sum of the positive degree homogeneous components of S(W ). Since S(W ) + Z is a graded subspace of Z, we may also assume that U 0 is spanned by homogeneous elements. Then U 0 minimally generates Z as an S(W )-module and is finite dimensional by the graded Nakayama Lemma (see for example Lemma 3.5.1 in [7] ). So we get an S(W )-module surjection ϕ 0 : S(W ) ⊗ U 0 ։ Z, which is GL n -equivariant by construction. Moreover, identifying the subspace 1⊗U 0 of S(W )⊗U 0 with U 0 ⊂ Z, the free module S(W ) ⊗ U 0 becomes graded, and the surjection ϕ 0 is a homomorphism of graded modules. Next repeat the same construction for the kernel of the homomorphism ϕ 0 instead of Z, to come up with U 1 and ϕ 1 : S(W ) ⊗ U 1 ։ ker(ϕ 0 ). Continue in the same way. This process stops in at most dim(W ) steps by the Hilbert Syzygy Theorem (see for example Section 1.3.2 in [7] ), and we obtain the desired exact sequence (2) . It follows that ch
, where m λ,k stands for the multiplicity of L λ as a summand in W k . It follows that
is indeed of the form (1). 
(ii) Nice rational functions not depending on the indeterminates t 1 , . . . , t n are rational functions in Z[[q]] with denominators which are products of binomials 1−q k . Recall that the Hilbert-Serre Theorem asserts that the Hilbert series of a finitely generated graded module over a finitely generated commutative graded K-algebra
(iii) If f (t 1 , . . . , t n ) is a nice rational function in the sense of [5] , then making the substitution t i → t i q we get that f (t 1 q, . . . , t n q) is a nice rational function in the sense of our Defininition 2.3.
Hilbert series of fixed point subspaces
Fix now a subgroup G of GL n . We write Z G for the subspace of G-fixed points in a representation Z of GL n . Define
Sn . Furthermore, we keep the notation D for the abelian group homomorphism
Since every representation of GL n is completely reducible, for any finite dimensional GL n -representation W we have D(ch W ) = dim W G , and consequently for a graded
is the Hilbert series of the graded vector space Z G . We need the following technical lemma (we provide a proof, since though the arguments are well known, we did not find a reference where this is stated exactly in the form as below): Lemma 3.1. The following conditions are equivalent for a subgroup G of GL n :
finitely generated as an S(W ) G -module (where W is as in Definition 2.1 of the class C).
(ii) For any finitely generated graded commutative K-algebra R on which GL n acts rationally via graded K-algebra automorphisms, the subalgebra R G of G-invariants is a finitely generated K-algebra.
Proof. Suppose (i) holds, and take a K-algebra R as in (ii). Denote by R + the sum of the positive degree homogeneous components in R. Then R + contains a finite dimensional GL n -submodule W such that W is spanned by homogeneous elements, and W generates R as a K-algebra. The identity map W → W extends to a surjection S(W ) → R of graded K-algebras, and this surjection is G-equivariant. So in this way R + becomes a graded S(W )-module in the class C. Take a finite S(W ) G -module generating system of R G + (it exists by assumption). This is easily seen to be a finite K-algebra generating system of R G by the graded Nakayama Lemma (see for example Lemma 3.5.1 in [7] ).
Assume next that (ii) holds, and let Z ∈ C. We repeat the proof of Theorem 16.9 in [19] : make the direct sum R = S(W ) ⊕ Z a graded K-algebra by imposing the multiplication (r, v) · (s, w) = (rs, rw + sv) for r, s ∈ S(W ) and v, w ∈ Z. By assumption the algebra
finitely generated, implying in turn that the S(W )
G -module Z G is finitely generated.
Remark 3.2. The equivalent conditions (i) and (ii) of Lemma 3.1 hold for a subgroup G of GL n if and only if they hold for its Zariski closureḠ in GL n . Indeed, for a given element f of an algebra R as in (ii), the stabilizer of f in GL n is Zariski closed, since GL n acts rationally on R. Therefore we have R G = RḠ.
We mention two important and well-known sufficient conditions that imply condition (ii) (and hence condition (i)) of Lemma 3.1:
Proposition 3.3. The conditions (i) and (ii) of Lemma 3.1 hold for G in each of the following two cases:
( 
for some positive integers m, d 1 , . . . , d m and a polynomial P ∈ Z[q].
Proof. Since ch Z (q) is a nice rational function and it is also symmetric in t 1 , . . . , t n , by Proposition 2.2 there exists a positive integer r, Z 1 , . . . , Z r ∈ C and integers
Here Z i is a finitely generated graded S(W i )-module (with compatible GL n -action) for some finite dimensional graded representation W i of GL n , i = 1, . . . , r. Since conditions (i) and (ii) of Lemma 3.1 hold for G, we have that the algebra S(W i ) G is finitely generated, and Z 
Examples in commutative algebra
We do not know any example of an algebra of commutative polynomial invariants with Hilbert series which is not a rational function. In this section we compute the Hilbert series of a famous algebra of invariants which is not finitely generated but as it turns out, still has a nice rational Hilbert series. The first example of a finite dimensional G-module V such that the corresponding algebra
G of invariants is not finitely generated was found by Nagata (see [27] ). A simplification of Nagata's argument (resulting in an example with a group of smaller dimension) was given by Steinberg [30] . Here we shall compute the Hilbert series of this latter algebra of invariants. We refer to the books [8] , [26] for facts about this algebra of invariants.
Let C be an irreducible cubic algebraic curve in the complex projective plane P 2 . The set of non-singular points in C has a well-known abelian group structure. Choose 9 distinct points (a i1 : a i2 : a i3 ) in this abelian group such that their sum is not a torsion element and the matrix (a ij ) j=1,2,3 i=1,...,9 has full rank 3. Let G 1 be the subgroup of C 9 (the direct sum of 9 copies of the additive group of C) given by
Consider also the torus
Then A 1 , A 2 , A 3 , D generate the subfield of G-invariants in the field of fractions of S, and in fact
Thus R has a bigrading R = d∈N0,m∈Z
, where
is homogeneous of degree d}.
Theorem 4.1. (i) (Proposition 2.49 in [26] or page 60 in [8] ) The C-algebra R = S G is not finitely generated.
(ii) (Lemma 2.50 in [26] and Lemma 4.5 in [8] ) For d ∈ N 0 and m ∈ Z we have
Observe that R (d,m) is contained in the homogeneous component of degree 9(d − m) of the polynomial algebra of S, hence we have
We infer from Theorem 4.1 (ii) that
where ⌊ n 2 ⌋ stands for the lower integer part of We obtain
6 + 10q
Summarizing, we found the following: 
has a non-rational Hilbert series?
There are many examples of subalgebras of the polynomial algebra in several variables which are not finitely generated. See e.g., [28] for a family of subalgebras between K[x 1 ] and K[x 1 , x 2 ] which are not finitely generated as K[x 1 ]-algebras. It is also easy to construct a graded subalgebra of K[x 1 , x 2 ] with transcendental Hilbert series. One of the few general abstract properties that all subalgebras of invariants in the polynomial algebra do have is that they are normal (integrally closed in their field of fractions). Below we give an example showing that normality does not imply rationality of the Hilbert series.
Example 4.4. Fix a positive irrational real number α and consider the subalgebra
The algebra A is not finitely generated (see for example [28] ). The number of degree d ≥ 1 monomials in A is |{i | i ≤ d, d − i < αi}|, which is the number of integers in the interval (
. The Hilbert series of A is
where ⌊dβ⌋ stands for the lower integer part of dβ. Suppose that this power series is algebraic over Z(q). Then c i = ks.
We conclude that |kpβ − ks| ≤ 1, and hence |β − s p | ≤ 1 kp holds for all k. This leads to the contradiction β = s p .
We claim that A is normal. Indeed, note that A is the semigroup algebra of the subsemigroup S = {(i, j) | j ≤ αi} of the additive semigroup N 2 0 . The semigroup S is saturated in N 2 0 , i.e., if ms ∈ S for some s ∈ N 2 0 and m ∈ N then s ∈ S. Suppose that some element f from the field of fractions of A is integral over A. Then there exists a finitely generated subsemigroup S ′ ⊂ S such that f is integral over the subalgebra 
is the saturation of S ′ (see for example Proposition 7.25 in [25] ). Now since S is saturated, we have S ′ sat ⊂ S, so f ∈ K[S] = A, showing that A is integrally closed in its field of fractions.
Applications in noncommutative invariant theory
Let R be a proper subvariety of the variety of all associative K-algebras. Denote by F n (R) the relatively free algebra of rank n in the variety R. Then F n (R) = K V /I is the factor algebra of the tensor algebra K V of an n-dimensional vector space V modulo a non-zero T-ideal I. Choosing a basis {x 1 , . . . , x n } in V we identify GL n with GL(V ) and the tensor algebra K V with the free associative algebra K x 1 , . . . , x n . This is graded as usual, so the generators x i have degree 1. Since I is necessarily homogeneous, there is an induced grading on F n (R), and
is a graded representation of GL n in the sense of Section 2.
For any subgroup G ≤ GL n , the subalgebra F n (R)
is spanned by homogeneous elements, so it is also graded. Its Hilbert series is defined as 
Proof. To simplify notation set R = F n (R). An N n 0 -grading on the free associative algebra K x 1 , . . . , x n is defined by setting the multidegree of x i the ith standard basis vector (0, . . . , 0, 1, 0, . . . , 0) in Z n . This induces a multigrading R = α∈N n 0 R α , and the multivariate Hilbert series of R is (R, t 1 , . . . , t n ) of total degree d is the formal character ch R d of R d . It follows that substituting t i → t i q in the multivariate Hilbert series of R we obtain H(R, qt 1 , . . . , qt n ) = ch R (q), the formal character of the graded GL n -representation R. Belov [4] proved that the univariate Hilbert series H(R, t) of the graded algebra R is rational. Berele strengthened this statement in Theorem 1 of [5] by showing that the multigraded Hilbert series H(R, t 1 , . . . , t n ) of R is nice (in the sense of [5] ), which implies that H(R, qt 1 , . . . , qt n ) is a nice rational function in the sense of Definition 2.3. Summarizing, the formal character ch R (q) is a nice rational function in the sense of Definition 2.3, thus the statement of our theorem now follows from Theorem 3.4.
Remark 5.2. In contrast with commutative invariant theory, the algebra F n (R) G is typically not finitely generated, even if condition (i) and (ii) of Lemma 3.1 hold for G. For example, by the proof of Theorem 3.1 in [11] , if R is not a subvariety of a variety of Lie nilpotent algebras with a given index of Lie nilpotency, then for any n ≥ 2 there is a Zariski closed subgroup G of GL n isomorphic to the multiplicative group of K such that F n (R) G is not finitely generated. Therefore Theorem 5.1 yields interesting examples of naturally occurring graded algebras, that are not finitely generated, but have rational Hilbert series like finitely generated commutative graded algebras.
Examples
Example 6.1. We provide two examples showing that in Theorem 3.4 the condition that ch Z (q) is a nice rational function can not be relaxed to the weaker condition that ch Z (q) is a rational function.
(i) Let V be 2-dimensional and G = SL(V ), the special linear subgroup of GL(V ). In this case G is a Zariski closed reductive subgroup of GL(V ). The tensor algebra K V has rational Hilbert series H(K V , t 1 , t 2 ) = 1 1 − t 1 − t 2 , whereas by Example 5.10 in [1] we have that the subalgebra of SL(V )-invariants has non-rational Hilbert series
Further examples of subalgebras of SL 2 -invariants in free algebras K x 1 , . . . , x n having non-rational Hilbert series can be found in [1] .
(ii) Again let V = Span K {x, y} be 2-dimensional, and take G = {x → x, y → cx + y | c ∈ K} ⊂ GL(V ).
